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Abstract 

An infinite family of exactly-solvable and integrable potentials on a plane is introduced. 
It is shown that all already known rational potentials with the above properties allowing 
separation of variables in polar coordinates are particular cases of this family. The underlying 
algebraic structure of the new potentials is revealed as well as its hidden algebra. We 
conjecture that all members of the family are also superintegrable and demonstrate this for 
the first few cases. A quasi-exactly-solvable and integrable generalization of the family is 
found. 
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I. INTRODUCTION 



Some quantum mechanical systems can be characterized by two differently defined global 
properties. The first has been called exact solvability and it means that all energy levels 
can be calculated algebraically and the corresponding wave functions can be obtained as 
polynomials in the appropriate variables, multiplied by some overall gauge factor. The 
other property is that of integrability, namely the existence of n integrals of motion that are 
well defined quantum mechanical operators, commuting with the Hamiltonian and amongst 
each other. 

A more restrictive property than integrability is superintegrability: the existence of more 
integrals of motion than degrees of freedom. A maximally superintegrable system has 2n — l 
integrals of motion, including the Hamiltonian. Only subsets of n of them can commute 
amongst each other. 

Any one-dimensional system is integrable and aslo maximally superintegrable by defini- 
tion. In this article we concentrate on the two-dimensional case where the situation is quite 
different. A two-dimensional system is integrable if it allows two integrals of motion and 
maximally superintegrable if it allows three. Some time ago, it was conjectured that all 
maximally superintegrable systems for n = 2 are exactly solvable Here we will show 
that several exactly-solvable systems are in fact maximally superintegrable. Though they 
seem very different, they are particular cases of a parametric family of Hamiltonians. 

Let us consider the following Hamiltonian in written in polar coordinates 

i/,(r, ^; a, /3) = -dl - -d,. - -^l + + + 



r cos^ kif sin^ kip 



where a,B> —777, and A; ^ are parameters. For k = \ this system was introduced in 
[2|,|3| and has been called the Smorodinsky-Winternitz system For k = 2 the Hamiltonian 
(1) corresponds to the so-called rational BC2 model For = 3 it describes the Wolfes 

model 0] (it is the rational G2 model in the Hamiltonian reduction method nomenclature 
[s], 0]); if a = it reduces to the Calogero model The configuration space of ([T]) is given 



by the sector ^ > > , r G [0, 00) which is the Weyl chamber for BC2 ii k = 2 and G2 
if = 3, respectively. 

There is an interesting feature of the Hamiltonian ([1]) connecting different values of fc. 
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namely, 

H2i{r,^;u,0,(3) = He{r,y^;u;, (3, (3) , (2) 

TT 

H2i{r,(p]u,a,0) = Hi{r,(p - —■,u,a,a) . (3) 

The Hamiltonian ([T]) to our knowledge includes all published superintegrable systems in 
a Euclidian plane E2 that allow the separation of variables in polar coordinates. 



II. EXACT-SOLVABILITY 

It is well-known that the model ([1]) for k = 1,2,3 is exactly-solvable (the energies and 
eigenfunctions can be found explicitly). For a = and k integer the exact solvability of 
the Hamiltonian (1) was mentioned in Ref. It can be immediately checked by a direct 
calculation that the ground state of ([T]) is given by 

^0 = r^^+>')>' cos'^k^ sm''k^e-'^ , Eo = 2uj[{a + b)k + 1] , (4) 

where a = a{a — 1) and /3 = b{b — 1) . If we make a gauge rotation of the Hamiltonian ([T]), 

h = %\Hk-Eo)<fo, (5) 

we obtain the operator 

hk = -dl + {2ujr - ^^^'^ ~^ - ^d'^ - ^(-atan/cv? + bcotk(p)d^ , (6) 

for which the lowest eigenfunction is a constant with zero eigenvalue. 

The original eigenfunctions \I^(r, of the Hamiltonian ([T]) are related to those of the 
transformed Hamiltonian as follows \l/(r, = '$Q{r,ip)'B{r,(p). Let us solve the original 
problem ([1]) in a traditional way by a separation of variables in hk- Thus we assume S(r, (f) = 
R{r)^{{p) and write 

hk = K + ^h^ . (7) 
The operator h^ written in the new coordinate z = sin^kip reads 

h^ = 4kh{z - l)dl + 4e[{a + b + l)z-b- ^]d, . (8) 

The eigenvalue problem h^^ = A„$ where A„ is the separation constant has polynomial 
eigenfunctions 

$^(^) = p(a~y2,b-i/2)^2z -I) , An = 4k^n{n + a + b) , n = 0,1,2,... (9) 
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where Pt-'^'^'-'/'\2z - 1) is a Jacobi polynomial. Now the eigenvalue problem for the 
operator 

hk = -dl + (2u;r )dr + ^ , (10) 

appears. Let us perform a further gauge rotation of h^, 

ftfc = r ^ftfcT^ = -d + (2cjr )d H ^ h 2cJ7 . (11) 

We absorb the term 2uj'~f in the energy and choose 7 = 2kn so as to remove the 1/r^ term, 

7^ + 2(a + 6)A;7 - A„ = . 

The resulting radial operator in the t = r"^ variable 

hr = -Atdl + A[ujt - k{2n + a + h)- l]dt , (12) 

has the eigenstates 

R^it) = L^^^^''+^+''>\ut) , En = Au;N , (13) 
where L^f (''^+"+'))(c.t) is a Laguerre polynomial. Finally, the eigenstates of ([T]) are 

^^^^ = r2"'=i?jv(r')Pi"-'/''^~'/'H2sin2fcvP-l)^o , ^7v,n = 2cu[2Ar + (2n + a+6)fc + l] . (14) 

All formulas remain valid for any real k ^ 0. In particular, both R^ir'^) and Pn"''^\z) 
remain polynomials. The eigenvalues are linear in the quantum numbers A^, n. For integer 
(and rational) k there is a degeneracy of states, which is determined by the number of 
solutions of the equation 

N + kn = integer . 

Varying k we can change degeneracy leaving the spectra linear in the quantum numbers 
N,n. 

If A; in ([1]) takes integer values we have a Lie-algebraic interpretation of the problem ([1]). 
In order to reveal it let us make the following change of variables, 

t = r'^ , u = r'^^ sin^ kip . (15) 

The resulting gauge-transformed Hamiltonian (jS]) in these coordinates takes an algebraic 
form: 

hk = -Atdf - Skudl - AkV-^df, 
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+ A[ujt - (a + h)k - l\dt + [Auku - 2k'\2b + l)t^-^](9„ . 



(16) 



It coincides with already known expressions for the Hamiltonian for k = 1, 2, 3 in appropriate 
variables (see 1, sl). What is its underlying hidden algebra if any? 
The Hamiltonian hk preserves the space of polynomials 



-pis) 



{fPu'^lO < {p + sq) < Af) , Af 



0,1,2,... 



(17) 



for s > k — 1 and any integer Af. Hence, it has infinitely many finite-dimensional invariant 
subspaces These spaces can be ordered forming an infinite flag, 



'at 



(18) 



for fixed s. We call this flag V'^''^^ . The space is a finite-dimensional irreducible repre- 
sentation space of the infinite-dimensional finitely-generated Lie algebra g^^^ D gl{2, R) ix 
'^s+i rp^ q£ monomials in {s + 6)— generating operators. These generating operators are 
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fsee also 



111 and (l2|), 



t J 



J' 



Af 
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■^Af 



Sudu - y 



'^Af 

Rj 



fdt + studu - Aft 



and 



0,1, 



(see {g]). The generator is the central generator of the (7/(2, R)-algebra. The generators 
(19) of the non-semi-simple Lie algebra gl{2) x are vector fields on line bundles over a 
s-Hirzebruch surface 12|]. The meaning of the generator ( 120|) for s > 1 is unclear. 

For s = 1 the algebra t?''^-* coincides with the algebra sZ(3). It has the space (fT71) for 
s = 1 as an invariant subspace and acts irreducibly there. It is important to note that the 
space V^j^ is a finite-dimensional (reducible) representation space of the finite-dimensional 
non-semisimple Lie algebra (7/(2, R) x R^"*"^ (see {g]), 

= (t«iM'"2|0 < (m + sns) < A/" and < na < p) (21) 

For fixed s and p these spaces form the flag Vp^\ Each such a flag for s > A; — 1 is preserved 
by the Hamiltonian hk- This gives information about the structure of the eigenf unctions. 



t 1 



(19) 



(20) 



In particular, it implies the existence of a family of eigenfunctions which depend on the 
variable t only. 

It can be immediately checked that for fixed integer k preserves the flag for 
s = k — 1, s = k, or s > k assuming the hidden algebras g^''~^\ g^''\ g^'^\ respectively. It is 
worth mentioning that the first case s = k — 1 supports the already known hidden algebras 
of the trigonometric BC2 for /c = 2 and G2 for k = 3 models, respectively, contrary to the 
second or third case. However, later on we will see that the case s = A; — 1 is excluded (see 
Section III). 

The fact that s can take any values s > A; — 1 reflects a degeneracy of eigenstates of the 
original problem ([T]). For particular cases /c = 2, 3 it was already mentioned in the paper 
{gI. This degeneracy is removed by the algebraic form of the integrals of motion (see below). 
Hence, for any integer k the algebraic Hamiltonian f|T6|) can be rewritten in terms of the 



generators (flQll (without the operator J^) (see Theorem 4.3 from |ll[|): 

= -AJ^J^ - SJV^ - AkRk-iJ^ 
+ AuJ^ - 4[(a + b)k - 1] + AcoJ^ - 2P{2b + l)Rk-i ■ (22) 

where J* = Jg. 

III. COMPLETE INTEGRABILITY. 

It is obvious that 

Ma,P) = -Ll + ^^ + -^, (23) 
cos"' k(p sm kif 

where L3 = d^^ is the 2D angular momentum, is an integral of motion [2, l3j. Its existence 
is directly related to the separation of variables in polar coordinates in the Schroedinger 
equation for ([1]). Therefore the Hamiltonian ([1]) defines a completely-integrable system for 
any real k ^ which is also exactly-solvable. 

After a gauge rotation Xk = '^^^{Xk — Ck)'^o this integral takes the algebraic form 

Xk = -Ak\it^ - u)dl - A^lih + i)t^' - (a + 6 + l)u]du , (24) 

where = /c^(a + 6)^ is the lowest eigenvalue of the integral X^. It can be easily checked 
that Xk has infinitely-many finite-dimensional invariant subspaces: it preserves the flag "P*^*-* 
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for any s > k. The integral Xk can be rewritten in the generators (fT9l) as 

Xk = -AkJ^Rk + 4JV^ - Ak'^{h + + 4/c(a + h)J^ . (25) 

The presence of the generator Rk excludes the algebra (fT9ll- (l20l) for s = — 1 as hidden 
algebra (see the discussion above). It indicates that the hidden algebra of ( l23l) is g'^^'> for 
s > k. Hence, the hidden algebra of the quantum system ([T]) with the integral (l23il is g^^^ 
with s > k. 



IV. SUPERINTEGRABILITY. 



The next question is the existence of an additional integral of motion y2k (presumably 
of order 2k) for all integer values of k. If such an integral exists then the system ([1]) is 
(maximally) superintegrable. For /c = 1, the Smorodinsky-Winternitz system this integral 
3^2 was found long ago (see 0,3 and Q). It turned to be a second order differential operator. 
For k = 2 and u = 0, which is the case of the so-called singular rational BC2 model, the 
integral 3^4 was found by Olshanetsky-Perelomov in the representation theory approach . 
This integral is a fourth order differential operator. For k = 3 and u = a = (the so-called 
singular Calogero model) the corresponding integral is a third order differential operator 
jsl. For a ^ (the so-called singular Wolfes model) it was mentioned in jsl that it has to 
be of the sixth order. For the general Wolfes model uj ^ (the rational G2 model in the 
Hamiltonian reduction method nomenclature) CQuesne 2Ci] found this integral explicitly 
in the Dunkl operator formalism. The integral is a sixth order differential operator. 

If the integral 3^2A: exists it should have the same eigenf unctions as Hk- Hence by a gauge 
rotation and change of variables (15) we can obtain an operator y2k 

y2k = %\y2k - C2k)^o\t,u , (26) 

such that y2k is a differential operator of some order in t and u with polynomial coefficients; 
C2k is the lowest eigenvalue of the integral 3^2fc- The described algebraic form y2k would 
be a consequence of the fact that both hk f|T6l) and y2k should preserve the same flag of 
polynomials. 

For the case k = 1 the integral 3^2 was found in 0] . In Cartesian coordinates 3^2 is of 2nd 
order and it can be written as 



a 



3^2 = 9^-u;V-- , (27) 



x"^ 



The algebraic form of the integral was calculated in [ij]. In the coordinates (fT5|) the 
integral fl27j) is 

I = (t - u)d^, + [i^{u -t) + a + \]d, , (28) 

where the constant C2 = —uj{2a + 1). The integral 1/2 (l28l) contains the term udt which is 
present in the algebra g^^\ see (1201) . It indicates unambiguously that for the case k = 1 the 
hidden algebra should correspond to s = 1. Hence, there is no ambiguity for the k = 1 case. 
The hidden algebra is fixed and it is g'^^^ = s/(3) which is generated by gl{2) kB?Q)Ti C gl{S). 
The Lie algebraic form of 1/2 is the following 

^ = J^J' -TiJ^ + ujTi-uJ^ + (a + -)J^ . (29) 
4 2 

We stress that the generator Ti (see fl20l) ) appears explicitly in fl29l) . 

For the case k = 2 (the rational 56*2 model) we find the higher integral 3^4 explicitly, 

/o2 2 2 o2 I 2 2\2 , f o2 ("^ ^ V ) P ^(x + ?/ )« 

3^4 = (5,- a; X -9^ + ^y) (^2 _ ^2)2 

, 16«^ ^ (x^-t/^)^/^^ + M _ 2(x^ + |/W (30) 
(x^ — y^)^ x"^?/^ x^y^ x^y^ ' 

where {, } denotes an anticommutator. Making the gauge rotation \l/o ^(3^4 — C4)\I'o and the 
change of variables f|T5|) . we arrive at the algebraic form of the integral 

y± = (f- u)dt - 8{t^ - u)ud^dl + 16(t' - u)u^d^ - 2\ujt^ - {2a + l)t - uju]d^ 
16 

- 4[(26 + l)t^ -2{a + b+ l)u]d'fdu + 8u[ujt^ - (2a + l)t - u)u\dtdl 

+ 16m[(26 + 3)^2 _ 2(a + 6 + 2)^]^^ + 16[cjV - 3(2a + \)ujt - u?u + (2a + l)(2a + 26 + l)]^^ 

- 4[(26 + l)cjt2 _ (2a + 1)(26 + l)t - 2(a + 6 + 1)cjm](9A 

+ 4[(26 + 1)(26 + 3)t2 + (2a + \)^tu - 2{2a^ + 6ab + 2b^ + 8a + 76 + 5)u]d^ 

+ uj{2a + l){ujt - 2a - 26 - l)dt + 2(2a + 1)(26 + l){ujt - 2a - 26 - l)a„ , (31) 
where C4 = 4c<j^[2a(a + 1) — 6(6 — 1)]. The two terms t^du and ud^ in 7/4 imply s = 2. Hence, 
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the hidden algebra for k = 2 is g^^\ The Lie-algebraic form of 7/4 is the following 

^ = J^J'^J^J^ - J^J^T2 + + 4J^J^R2Ro - 4jW^i?o - 2 jW^i^o 

16 

-2cjJW^ - 2cjJW^ + 2(2a + 1) JW^ - 4(26 + 1) jV^i?o 
+AujJ^R2J^ - 4(2a + l)J^RiJ^ + 8(26 + 3)J^RiRi - 8(a + 6 + 2) jV^i?o 
+ (2a + l)(2a + 26 + 1)7^^ - 3cj(2a + 1)7^^ + cuW^ + 4cj(a + 6 + 1)7^^ 
-4a;(26 + l)i?2J^ + 64(2a + 1)(26 + 1) J^i?o + 2cu(2a + 1) J^i?i 
-4(2a2 + 6a6 + 26^ + 8a + 76 + 5) J^i?o 
+4(26 + 1)(26 + 3)R2Ro + 2ujT2J^ + 8(a + 6 + l)T2i?o 
-(2a + l)(2a + 26 + 1) + c<;2(2a + 1)7^ 
+2cu(2a + 1)(26 + l)Ri - 2(2a + 1)(26 + l)(2a + 26 + l)Ro - cj^Ta . (32) 

The generator T2 (see (12(1 ) again appears explicitly in (32). 

For the case k = 3 (the rational G2 model) we find the higher integral 3^6 explicitly by a 
straightforward (brute force) calculation. It is of 6th order (see App.A). Its lowest eigenvalue 
is 

Ce = Auj%3a + 36 + 1) (Sa^ + 36a6 - 276^ + a + 456 + 4) . (33) 

Making the gauge rotation \I'q ^(3^6 — ^6)^0 and the change of variables ( |T5l) we arrive at the 
algebraic form of the integral i/q (see App.A). The two elements R3 = t^d^ and T3 = ud^ are 
present in and unambiguously point to s = 3. Hence, the hidden algebra of the model at 
= 3 is g^^l 

For the case A; = 4 we again find the higher integral 3^8 explicitly by a brute force 
calculation as an eigth order differential operator (see App.B). Making the gauge rotation 
^0 ^(3^8 — C8)^o and the change of variables with 

Cs = 4a;^[3200a^ + 512a3(316+10) + 16a2(2066+ 159)(26- 3) 

+ 16a(3106^ - 1876=^ - 4436 + 105) + 11336^ + 1506^ - 1766^ + 4936 + 4] , (34) 

we arrive at the algebraic form of the integral, yg (see App.B). The elements R4 = t^du and 
T4 = udf in yg imply s = 4. The hidden algebra of the model for A; = 4 is g^^'^ which contains 
the generator T4. 
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We were unable to prove the existence of the higher order integrals 3^2^ for integer k with 
k > 4 due to the fast growing complexity of the brute force calculations. However, we feel 
justified in formulating the following conjecture. 

Conjecture. An integral of motion 3^2fc of the order 2k exists for the Hamiltonian (1) 
for all positive integer values of k. In Cartesian coordinates 3^2fc o differential operator 
of the order 2k with rational coefficients. The gauge transformation (26) together with the 
change of variables (15) transforms into the algebraic operator y2k that has polynomial 
coefficients. The integral y2k is an element of the order 2k in the enveloping algebra of the 
hidden algebra g^''\ In particular, y2k contains the terms A''[(J^)^ — Tk]{J^)'' which fix k = s 
in the hidden algebra (19), (20). In the limit u) = a = 0, the operator y2k{0,0, P) is reduced 
to the square of an operator of order k. 

Our conjecture is based on the fact that the gauge rotated Hamiltonian hk (5) preserves 
the flag of polynomials (17), as do all the elements of the underlying hidden algebra g^''^ (19), 
(20). All aspects of this Conjecture have been confirmed for k = 1,2,3 and 4 for general 
u, a, (3 as well as for A; = 1, . . . , 6, 8 for = a = 0, /3 7^ 0. The consideration of > 4 for 
general cu, a, (3 requires a different approach, other than the brute force one. A proof of the 
conjecture could be based on a direct analysis of the commutation relations of the hidden 
algebra (19)- (20). 

Any operator preserving this flag must lie in the enveloping algebra of g^^^ for given k. 
The gauge rotated integrals y2k must hence have an algebraic form for all fc, as exemplified 
by A; = 1,2,3 and 4. 

The form of the integrals 3^2fc is not unique since we can modify it by adding polynomials 
in the Hamiltonian ([1]) and integral (!23l) . Our convention is to require that the highest 
order terms in 3^2fc should have the form 

[Re{d^ + id2ff . (35) 

The lower order terms in 3^2fc could be further simplified by linear combinations with lower 
order polynomials in ([1]) and (l23l) . We also require that 3^2fc be a hermitian operator and this 
implies that it will contain only even powers of the derivatives {8^82, m+n = 0, 2, 4, ... , 2k). 
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V. A QUASI-EXACTLY SOLVABLE EXTENSION. 



Some years ago a new class of the Schroedinger equations was discovered for which a finite 
number of eigenstates can be calculated by purely algebraic means. They were called quasi- 
exactly- solvable [l3, Q. These problems occupy an intermediate place between exactly- 
solvable problems and non-solvable ones. A large body of articles dedicated to these problems 
was published during the last 20 years. The articles have ranged from various branches of 
physics to pure mathematics. 

Surprisingly, there exists a quasi-exactly solvable generalization of the Hamiltonian ([T]) 

Hi';j\r,ip;u;,a,P) = -d^, - hr - ^d^ + \^r^ + 2\ur^ + [u^ - 2\i2^^ + 2 + kia + b))y 



id. , where dimVj^ ^2k~^'^ eigenstates can be found explicitly (algebraically). 

These algebraic eigenfunctions have the form of a polynomial p{t, u) from the space 
f|T7|l multiplied by a factor ^i'^q^^^: 

^(5-) ^ ^{a+h)k ^Qga^^ ^ ^g^^ 



+ ^ TJ— + 2 • 2, ' (36) 

cos^ k(p sm k^p 



namely, 

= (38) 

Hence, the number of algebraic states is equal to the dimension of the space 



The gauge- rotated Hamiltonian ( !36|) . 



"'kM - -1^0 ) [^k,Af -^0)^0 

where Eq is some parameter, in the variables f|T5|) has the algebraic form: 

h^M^ = ^tdj + Skudl + AkH^-'udl 

+ A[\t^ -ujt+{a + h)k + l]dt + [AXktu - Aujku + 2k'^{2h + l)t^-^]du - AXUt . (39) 

It is easy to check that fl39|) preserves the space Pjf^ (HZD- Hence, it can be rewritten in 
generators of the algebra (fT9l) . gl{2) ix R^^^ and indeed we have 
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1 



+ [(a + h)k + l+M]J^ - uj{Jl + JX-) - A 3A;(26 + l)]Rk-i • (40) 

Evidently, the QES problem is completely-integrable: A'^ (see fl23|l ) commutes with (l36l) . 
The algebraic form of after a gauge rotation with (1371) in variables (t, u) remains the 
same (l24l) . The Lie-algebraic form (l25l) is slightly modified 

Xk = -AkJ^Rk + UlfJlf - ^k[k{h + ^) + + 4[fc(a + fe) + ^] + ^ . (41) 

The question of the existence of a second integral and thus of the superintegrability of 
the Hamiltonian (l36l) remains open. 



VI. CONCLUSIONS. 



We have restricted to the case of a Schroedinger equation in a two dimensional Euclidean 
space E2 and to the Hamiltonians allowing separation of variables in polar coordinates. The 
feature underlying the exact solvability, the complete integrability and the conjecture of 
maximal superintegrability is the existence of a hidden Lie algebra of differential operators. 
All elements of the hidden algebra and hence also of its enveloping algebra preserve an 
infinite flag of finite dimensional subspaces of the space of wave functions. 

The Hamiltonians and the integrals of motion of the entire family ([T]) considered in this 
article are also elements of the enveloping algebra of g^'^'^. The family contains all currently 
known superintegrable systems in E2 that are separable in polar coordinates. It would 
be important to clarify whether the Hamiltonian (1) can be obtained by a Hamiltonian 
reduction procedure. This is the case for = 1, 2, 3. 

The first problem that remains open is to prove our conjecture, namely that the Hamil- 
tonian ([T]) is superintegrable for all integers values of k. Another important question is that 
of the classical limit of the system with Hamiltonian (1). For = 1,2 and 3 these systems 
are all superintegrable. Chanu et al. 16j have considered the classical case for = a = 
and k = 2n + 1 and have conjectured that it is superintegrable for all integer n. We think 
that the classical limit of (1) is actually superintegrable for all values of u, a and k. We plan 
to verify this conjecture directly by calculating the trajectories for the classical systems. If 
the systems are (maximally) superintegrable then all bounded trajectories must be closed 
and the motion must be periodic jirj l. 
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The direct construction of the higher order integrals for k > 5 seems intractable. 
More promising approaches would either involve an efficient use of the hidden algebra g^^^ 
or possibly the use of Dunkl operators [18] as suggested for the Calogero model in [lol and 



for the Wolfes model in 



20|. 



The close relation between exact solvability and maximal superintegrability has also been 
exemplified in n dimensions 2l|, |22|, |23| . A very complete review of quantum completely- 
integrable systems in n dimensions was recently given by Oshima 2^ . For some cases these 
systems are known to be exactly-solvable. It would be of great interest to investigate their 
possible (maximal) superintegrability. 
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APPENDIX A: A; = 3 CASE 



The integral for A; = 3 is 

, , .4 9(-3x^ + 6i/V + y^)/3 _ 27{x^ + yya \ J 3 _ 72xyP 216xya 



^2(^2 _ 32.2)2 2x2(x2 - 3l/2)2 J ' ^ f (^2 _ 3^2)2 (a;2 _ 3y2) 

^ 1^252 27(-3a;^ + 6a;V + |/^)/3 _ 54(a;^ + 4a;V - i/^)^ ^ ^^^^^ 

+ {"^"y^ (^2 _ 3^2)2 + (^2 _ 3y2)2 '^^y^ j + \^y^ 2x' + I 

J 2 18(3x^ + 44y V + 42y V - 36y^x^ + 27y^)a 81(3x^ - 6yV - y^)^/?^ 



81 (3x^ - 52yV + 18|/V + 12|/V + 3y^)a^ 2(2^6 + 15y^x^ + ISy^x^ - 27/) ao; 



+ 



2a;4(x2 - 3?/)4 a;2(a;2 - 3|/2)2 

162(x -y){x + y){3x^ - 19y^x'^ - ly'^x^ - y^)ap Mx^{x - y){x + y){x^ - 7y^)pu;^ 

j.2y2^j.2 _ 3^2)2^3^2 _ ^2)2 y'^(^3x^ — 7/2)2 



4, .4 



- 6y uj 

r 1152xi/(a;2 + ?,y^)a 648x(3x'i - 6y2x2 - y'^)(3'^ 648y(x-^ + Qy'^x'^ - 2,y^)a'^ 

^\ ^' (a;2 - 32/2)4 1/(2/2 - 3a;2)4 x(x2 - 3^/2)4 

648(x - y) (x + y) (x^ + 10^2^2 + y'^)a(5 108x(a; - y) (a; + y) (a;2 + y2)/5a;2 

xy(3x4 - 10y2x2 + 3y4)2 + y(y2 - 3^2)2 

216xy(x2 + y2)aa.2 

+ (x2-3y2)2 +^^^^'^ 

81(a;^ - 6y V + 24y6a;2 - 3y^)Q;2 UA{x^ + 18y2a;2 + 9y4)Q; 2592x2y2/32 



a;4(a;2 - 3y2)4 + (a;2 - 3y2)4 + (3a;2 _ ^2)4 

(23x6 + 159y2a:^ + 45y4a;2 - 27y6)ac^2 _ g^4^4 ^ ^Qy&^2 _ ^8^a(3 

x2(a;2 — 3y2)2 ^2^2('^2 _ 3^2)2('3^2 _ ^2)2 

27(x6 - lly2x^ + 19y V - y W _ .2. a , . ,2 
y^(3a;"^ — y^j"^ 

_ 180(43x^2 + 1914y2a;i° + 5805y^a;*^ + 972y^x'^ + 405y V - my^^x'^ + 2A3y^'^)a 

x6(x2 - 3y2)6 

1296/3^ 1296(x6 + 21y2x^ - 9y V + 3y^)ap _ 729a3(a;2 + y2)6 
(y^ — 3x2y)2 a;2y2(a;2 — 3y2)2(3x2 — y2)2 x^(x'^ — 3y2)6 

_ 324(5x^2 ^ 30^2^10 ^ 399^4^8 _ 332y6^6 ^ 291y V - 18y^°x2 + 9y^2)Q,2 

x6(x2 - 3y2)6 

1458«2/5(x2 + y2)6 729a/?2(a:2 + y2)6 72(a;2 + y2)2tttu2 



xV(^^ - 3y2)4(3x2 - y2)2 x2y4(x2 - 3y2)2(3x2 - y2)4 (x3-3xy2)2 
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2 



^ x4(x2 - 3|/2)4 ^ |/2(3a;2 - y2)2 

54(x - y) (x + y) (^2 + y"^) {x^ - Ayx + y"^) {x"^ + Ayx + y'^) Pu;^ 



(Al) 



+ 



y2(3x2 — 



2 



+ ^ — T?-^ — ^r^T^ — ■ 



a;2(a;2 — 3y2)2 

The algebraic form ye — ^0 ^(^6 — Cg)^o after the change of variables t — r'^ and u 
sin^ 3(f is 



ye = 64(^3 - u)d^ - 3456(t^ - u)tud^dl - 6912(i^ - u)v?^^^ + 46656(i^ - u)fu^d^d^ 
+ 186624(t^ - u)tu^dtdl + 186624(i=^ - u)u*dl 

- 96[2ujt^ - 3(2a + l)t^ - 2uju]dl - 1728[(26 + l)t^ -2{a + b+ l)u] t d^du 
+ 1728[4a;i^ - (12a + 66 + 19)^^ - 4:utu + 2(3a + 36 + 8)u\ u dfdl 

+ 5184 [9(26 + 3)t^ + 2ujfu - 3(8a + 66 + 13)i\ - 2uju^] u d^dl 

- 23328[2c^i^ - (6a + 206 + 57)^^ - 2ujtu + 4(5a + 56 + 16)m] tu^ dtd^ 

- 46656[2a;i^ - (6a + 126 + A7)t^ - 2ujtu + 2(6a + 66 + 2h)u] dl 

+ 48[4a;V - 15(2a + l)ujt^ + 6(2a + l)(3a + 36 + 2)t - Wu\dt + 864 [4(26 + l)a;i^ 

- (26 + l)(12a + 26 + 13)t^ - 8(a + 6 + l)ujtu + 2(4a2 + 3(26 + 3)a + 26^ + 116 + 7)u] d^du 
+ 432 [27(26 + 3) (26 + l)t^ - SujYu + 6(12a + 66 + 19)ujt\ 

- 9(16a^ + 16(36 + 5)a + 126^ + 486 + i5)t\ + SuHu^ - 12(3a + 36 + S)uju'^] d^dl 

- 7776 [6(26 + 3)cut^ - 3(26 + 3) (6a + 86 + 27)t^ - 2(8a + 66 + I2>)ujtu 
+ 2(24a^ + 2(306 + 71)a + 246^ + 1386 + in)u] tu dtdl 

+ 3888 [Auh^ - 3(6a + 206 + 57)a;i'' + 6(4a^ + (306 + 83)a + 266^ + 1796 + 288)t^ 

- AuH'^u + 12(5a + 56 + lQ)ujtu - I2{l2,a^ + (306 + 97)a + 136^ + 976 + im)u]u^dl 

- [UujH^ - 576(2a + 1)ujH'^ + 576(6a^ + 66a + 7a + 36 + 2)ujt - Uu^u 

- 96(2a + 1) (3a + 36 + 2) (3a + 36+1)] 

- [1728(26 + l)a;V - 1296(26 + l)(12a + 26 + 13)a;t^ + 7776(2a + 1)(26 + l)(2a + 26 + 3)t^ 

- 3456(a + 6 + 1)ujHu + 2592(4a2 + 3(26 + 3)a + 26^ + 116 + 7)uju] d^d^ 
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- [11664(26 + 3) (26 + l)cut^ - 5832(6a + 46 + 17) (26 + 3) (26 + l)t^ + 1728(6a + 5)ujYu 

- 3888(16a2 + 16(36 + 5)a + 126^ + 486 + A5)ujt\ + 2592[36a3 + 6(366 + 53)0^ 
+ (2166^ + 7926 + 685)a + 366^ + 3066^ + 6216 + 362]tn - 3A56uj\^] dtdl 

+ [15552(26 + ?,)ujH^u - 11664(26 + 3) (6a + 86 + 27)ujt\ + 432(6486^ + 57246^ + 152826 
+ 216a2(26 + 3) + 1080(126^ + 566 + 57) + 12231)t3M - 172SujH^u^ - 31104(a + 6 + 2)ujH'^u^ 
+ 7776(24a^ + 2(306 + 71)a + 246^ + 1386 + I7?,)ujtu^ - 864(324a^ + 108(136 + 30)a^ 
+ 6(2346^ + 12426 + 1597)a + 3246^ + 32406^ + 95586 + 8679)^^ + n2Suj^u^]dl 

- [I44(2a + l)cu¥ - 8(247a2 + 2166a + 293a + 276^ + 816 + 80)^^^^ 
+ 144(2a + 1) (3a + 36 + 2) (3a + 36 + l)uj\ 

- [864(6a + 5) (26 + l)cuV - 7776(2a + 1)(26 + l)(2a + 26 + ?,)ujt^ + 2592(2a + 1)(26 + 1) 
(3a + 36 + 2) (3a + 36 + 5)t - 48(31a2 + 41a + 276^ + 456 + 44)u;\] dtd^ 

+ [3888(26 + 3)(26 + l)cuV - 2916(26 + 3)(26 + l)(6a + 46 + I7)ujf 
+ 5832(26 + 3) (26 + l)(a + 6 + 4) (4a + 26 + l)t^ - 1296(26 + ?,)ujH^u 

- 72(185a2 + (6486 + 1003)a + 1896^ + 7836 + 622)cj¥m + 1296(36a3 + 6(366 + h?,)a^ 
+ (2166^ + 7926 + 685)a + 366^ + 3066^ + 6216 + m2)ujtu + 2592(a + 6 + 2)cuV 

- 1296(36a^ + 324a36 + 450a^ + blQh'^a'^ + 1962a26 + 1619a2 + 3246^a + 1962a62 + 3678a6 
+ 2213a + 366^ + 4506^ + 16116^ + 21816 + 992)m] dl 

- (31a2 + 276^ + 41a - 276 + 8) [Sut - 8(3a + 36 + l)\uj'^dt 

- 12 [18(26 + 3) (26 + l)ujh^ + 3(26 + l)(185a^ - 276^ + 216a6 + 1356 + 355a + 136)cuV 

- 108(26 + l)(2a + l)(3a + 36 + 5)(3a + 36 + 2)ujt 

- 2(41a2 + 1086a + 96^ + 121a + 1536 + 82)^^^^ 

+ 108(2a + 1)(26 + l)(a + 6 + 2)(3a + 36 + l)(3a + 36 + 2)]a„ , 

(A2) 

where Cq is the lowest eigenvalue of (see ( l33il ). 
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APPENDIX B: it = 4 CASE 



The integral for A; = 4 is 



256xy(5,T4 - 2a;V + 1 , / .4 02 32(11x6 + 8 IxV - 63a; V - Sy^) 



2(19x6 - 67i/V + 17yV - 9y6)/5 ,^^22!, U^;,^ bl2xy{?>x' - 2xW + ^y^)cc 



rj.2y2(^rj.2 _ ^2^2 



2 2I fasos 512x|/(3x^ - 2xV + 3i 



+ _ 64.^.,} + {Sj;?. 32(5.° + 6W-81xV-ll.> ^ ^^^^ 



1/2)2 1^ ^ (a;4 _ 6a;2^2 + ^4)2 

2(9x6 - 17^2^4 + 67y^x2 - 19y6)/5 1 J 256xy(x^ - 2x'^y'^ + 5y^)Q; 



x2y2(j;2 _ ^2)2 j |^ 2/' _ Qx'^y'^ + y^)2 

64xy/3 \ r 6 2(x6-y2^4 + llyV-3y6)/3 32(x2 + y2)3Q, 



(x2— ^/2)2J 1^ 2/' ^2y2(^^2 _ y2y (^^J^ _ g^2y2 _|_ ^4)2 

1 4 384(x2 + y2)2(3a;8 ^ 92^2^,6 _ 142^4^4 ^ 92^/6^.2 ^ 3^8-)^, 

^\ (X4 - 6|/2x2 + 1/4)4 

_ 24(3x8 + 28y2a;6 - 2|/V + 47/6x2 - y8)p ^ 256{x^ - lOy^x^ + 37|/V - 16y^x'^)au;'^ 

(x^ — X|/2)4 (a;4 _ Qy2x2 _|_ ^4^2 

256(3x^2 _ i82y22,io ^ 205y^x8 - 52y6a;6 + 77|/V + lOy^^x^ + 37/^2)^2 

(x4 - 6|/2x2 + 1/4)4 

32(11x^2 _ 158^2^10 ^ 221y V - 68^6^6 + 53y V + 2y^^x^ + 3y^^)a(3 

x2y2(2;6 _ Yy'^x^ + ly^x'^ — y6)2 
(19x^^ - 134y^x^° + 237yV - 84/^6 + 29y V - 6y^°x^ + 3y^^)/3^ 

X4y4(a;2 _ ^2)4 

2(9x8 - 50^2^6 + 98yV - 18/^2 + %y^)(3uj'^ 



+ 
+ 
+ 



x'^y'^{x'^ — y2)2 

r 3 6144x(7|/" + 37x2|/9 - UxW + 34x6|/5 _ 2,7x^y^ - 7x^^y)a 768xy(,T2 + y'^)(5 

+ 1^-^?/' (x4 - 6|/2x2 + 1/4)4 (x2 - 1/2)4 

8192x(-|/^i - 5x^1/9 + lOx^y^ - 30x6|/5 + 23x^7/3 + 2,x^%)a^ 64:xy{x^ - 3y^)f3u^ 

(X4 - 6y^X^ + 1/4)4 + (x2 - 1/2)2 

128(3x6 - lly^x* + i/V - 2/6)/52 512x(-|/^ - x^i/^ + 5xV + 5x^y)acu'^ 



Xy(x2 — y2)4 ^^4 _ gy22;2 _|_ ^4^2 

Gixy'u}' 



512(3x^0 + 35y V - 74yV + 14|/6x^- 92/ V- 1/^0) a/5 ^^^g 4 



xy(x6 — 7y2x4 + 7y%2 _ y6)s 
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72(xl2 - iy^x^O _ ^4^8 _ 56^6^6 _ ^8^4 _ 4^10^2 ^ ^12)^ 



+ 



X4y4(2:2 _ ^2)4 

512(x^^ + 14y^x^° + 303t/V - 956y^x^ + + Uy^^x^ + 

(a:4 - 6y2x2 + y4)4 

2(9X^2 _ 34^2^10 + 39^ V _ 1372^/63,6 ^ 39^8^4 _ 34^10^2 ^ 9^12)^2 

a;4|/4(a;2 _ ^2)4 

64(5a;i2 - lOy^ario + 171^43,8 _ 1154^6^6 ^ 171^8^4 _ iot/^V + Sy^^)^^ 

^2y2^^6 — Ty'^x^ + ly^x'^ — y^)2 
4(3a;S - Mi/^a;^ - 2I81/V - 14?/6a;2 + 3|/S)/3a;2 

x2|/2(a;2 — 1/2)2 



512(x^-15xV-32xV-15a;V + y^)Q;^^ ..o 2 2 4 
+ ^ r 4 « 2 2^ 4^2 — + ^^^^Y^' + 64^ 

6144(7^x^1 + 37y V - My^x'^ + 34y V - 37?/V - ly^^x)a 



(x^ — 6y2x2 + 1/ 



4\4 



+ 



768a;i/(a;2 + y2)^ 8192xy(xi° + by'^x^ - lOy^x^ + SOyV - 23y^x2 - 3yi°)Q;2 

(a;2 - y2)4 + (a;4 - 6i/2a;2 + y4)4 

128(x6 - y'^x* + ll|/4a;2 - 2,y^)(5'^ _ ^12xy{x^ + x^y^ - hx'^y^ - 5y^)au;^ 

Xy{x'^ — y2)4 _ Qy2j.2 _|_ ^4^2 



512(a;i° + 9|/2a;*^ - Uy^x^' + lAy^x^ - 35y^x'^ - 3y^°)ap 6Ay{x^ + y^)puj^ 3 4 



xy{x^ — 7y'^x^ + 7?/%2 _ ^6^2 ^(^^2 _ ^2^ 

384(a;2 + y^f{3x^ + 92y'^x^ - 142|/V + 92y^x'^ + 3y^)a 



+ 
+ 
+ 
+ 



{x^ - 6|/2a;2 + 1/4)4 

24(x^ - Ay'^x^ + 2yV - 28y^x^ - 3/)/3 _ 256y^(16x^ - 37y^x^ + lOy^x^ - y^)au;'^ 

(y3 _ ^2^)4 - 6y2x2 + y4)2 

256(3x^2 + lOy^x^^ + 77y V - 52y^x^ + 205?/ V - 182y^^x'^ + 3y^^)a'^ 

{x^ - 6y^x^ + y^y 
32(3x^2 ^ 2y22;io ^ 53^4^8 _ 68^6^6 ^ 221i/Sa;4 - 158yiV + llyi^)^/? 

2,2^2^^6 _ 7y2^4 _|_ 7^4^,2 _ ^6^2 

(3a;i2 _ 6^2^10 ^ 29y^xS - SAy'^x^ + 237?/ V - 134yiV + 19yi2j^2 
2{9x^ - ISy^x^ + 98y'^x'^ - bOy'^x^ + 9|/^)/?a;2 



rj.2y2(^rj.2 _ ^2^2 

15360(17x1^ + 1467y^xi^ + lUQy^x^^ - 4932^^x1^ + 3ld>y^x^^ + 666|/i°a:^)a 

{X^ - 6y2x2 + y4)6 

15360(-1068yiV + 1260yiV + 2A9y^^x^ + 3yi^)Q; 

(X^ - 6y2a;2 + y4)6 

120(165y«xi° + 333yi°x8 - 87y^^x^ + 75yiV - 30yiV + 5yi«)/3 



X6y6(x2 — y2) 
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120(3x^^ - ISy^x^^ + 45y^x^^ - 81yV)f3 _ 2048x2(31x^6 + 26Ay^x^'^ - 738Qy'^x^^)a'^ 
2048x2(-17256y6x^° + 26538y^x« - 16392yV + 8628y^^x^ - ISGOy^^x^ + 303y^^)a'^ 
_ 128(33x^0 - 714^2^18 + 7551ySi6 - 17856y^x^^ + 2186Qy^x^^ - 1960Ay^^x^^ + 7A70y^'^x^)aP 

?/2(x^ — Xy'^Y{x^ — 6y2a;2 + y^Y 

128(-2160|/^V + Ah?>y^^x^ - llAy^^x"^ + ?>y'^'^)a(5 8(3x^^ - ISy^xi^ + ?>My^x^^)(5'^ 



?/2(x3 — X|/2)4(^2;4 _ g^22;2 _|_ ^4^3 ~'~ X^y^{x'^ — y'^Y 

^ 8(-128l7/6xi2 ^ 12427/8x10 - 1551yiV + 282yi2^6 - 877/iV + 39y^'^x^ - 7y^^)p^ 



+ 
+ 
+ 



+ 



x^y^{x^ - y^Y 

8192(a;2 + y^ix^^ + A5y^x^ - 46|/V + 34|/V - 3y^x^ + y^^)a^ 

{X^ - 6y2x2 + 1/4)6 

2(^2 + t/2)^(3xi° - 2^x8 + 70y V - 18y V + 7y V - yi°)/3=^ 

3^6^6(3,2 _ ^2-)6 

512(^2 + y2)4(xl0 _ 119^2^8 ^ 162y4^6 _ 86^6^4 ^ ;^3^8^2 _ 3^10)q,2^ 
^2y2^j,2 _ ^2)2^2;4 — 6y2x2 + y4)4 

32(x2 + y2)4(52;io _ i03|/2a;8 + 186|/V - 70|/V + 17|/8a;2 - 3y^°)ap^ 

xV(a^^ - |/2)4(x4 - 6y2a:2 + y^Y 
256(4x1^ + 9y^x^^ - lQ3Qy^x^° + 775i/V - 5127/V + 167yi°x^ - 3y^^)acu'^ 

- 6?/2,t2 + y4)4 

8(13X^2 + 16|/2a,10 ^ 367^43,8 ^ 112^/6^6 ^ 91^8^4 _ 32^10^,2 ^ 9^12)^^2 

512(x2 + 1/2)2(13x1° - 315y2a;8 + 506y V + 354y V - 215y^x^ + 9y^^)a'^(jj'^ 

(x4 - 6y2x2 + y4)4 

_ 2{x^ + y2)2(3-^io _ 25y2a;8 + 26y V - 142y V + 51y^x^ - 9y^'')(5W 

X4y4(a;2 _ ^2)4 

128(x2 + y2)2(372.8 _ 35^2^6 ^ 55^4^4 _ ^^6^2 ^ ^yS^^Pu;^ 

{x'^ — 7y'^x^ + 7y'^x^ — y^xY 

_ 4 2 32(13x1° -156yV + 630|/V + 76^6^4 + 5yV + 24yiO)Q;u;4 
- 96cx; X -^^ — — r-^^ — 

(x^ - Qy^x^ + ?/)2 

2(9x1° - 99y'^x^ + 171|/^x6 - 212yV - lOy^x^ - I9y^^)(5uj* 2 4 r 

^ h 32x y a; 

r _61440x(51|/i^ + 936x2|/i5 + 7hQx^y^^ - 1512x^1/11 + 1330xV)a 
^ 1 " (xi - 62/2x2 + 1/4)6 

_ 61440x(-1512xi°y^ + 7bQx^'^y^ + 936xi^y=^ + 51xi67/)a 30720x2/(3x^ + lO^/^x^ + 32/^)/3 

(X^ - 6y2x2 + y4)6 + (x2 - y2)6 

_ 4096x(39yi^ + 888x^^1^ + 3396x^^1=^ - 18360x^^11 + 36010x^^9 - 18360xi°y^)Qi2 

(x4 - 6y2x2 + y4)6 
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+ 
+ 
+ 



16(-585y V + 258yiV + 9yi2)^2 ^ 65536xy(x2 - ?/2)2(2;2 + y2)4(^4 ^ ;LOy V + y4)Q,3 

X3y3(a;2 _ ^2)6 - 6y2x2 + y4)6 

256(7x^0 + 104y2a;i8 + 243y^x^^ - 3792y^x^'^ + 18438y^x^^ - 33072y^V)aP 

X^y^{x'^ — 1/2)4(^^4 _ Qy2j.2 _|_ 

256(18438^/^22,8 _ ^^g2y^*x^ + 2A3y^^x'^ + lOAy^^x^ + 7y^'^)ap 

X^y^i^x"^ — 1/2)4(^2,4 _ Qy2g^2 _|_ ^4)3 

64{x^ + y^jx^ - 6y V + y^)p^ _ 256{x'^ + y^)\x^ + IGy^x^ - 66/3:^ + 16y^x'^ + y^ja/?^ 

X^y-^{x^ — 1/2)6 2,3^3(^2,2 _ y2^4(^^4 _ Qy2j.2 _|_ ^4)2 

8192(a;2 + y^ix^ + lOy V - SOyV + lOyV + y^)a^P 

xy{x'^ — |/2)2(a;'' — 6|/2a;2 + |/4)4 
1536xy(5y^2 + Ih^x'^y^^ + 395x^y« - 540x^^6 + 395xV + 158x^°y2 + hx^^)auj'^ 

{X^ - 6y2x2 + y4)4 
48(xl2 _ 4^22.10 _ 17^42.8 _ 152y62;6 _ 17^82.4 _ 4^102-2 ^ yl2)^^2 

2;3^3(2;2 _ y2)4 

8192xy(a;2 + y2)2(2;8 + 5^22,6 _ 22|/V + G/x^ + y^)a^uj'^ 

(X^ - 6|/2x2 + 1/4)4 

64(^2 + |/2)2(a;4 _ ^4^22,2 ^ ^4^^2^2 ^ Q/^xy{y^ - 220x^1/6 4. 2Q2x^y^ - 22Qx%'^ + xS)au;^ 

Xy{x'^ — y2)4 (2;4 _ gy22;2 _|_ ^4)2 

512(a;2 + y'^f{x^ + Sy^a;^ - 50y V + SyV + y^)a(5uj'^ 

xy{x^ — Ty'^x'^ + 7|/%2 _ ysy 
4(16a;S - 137/V + 442y V - 13y V + 16|/S)/3a;^ 
xy{x'^ — y2)2 

15360(3x1^ + 249^2^16 + 1260^^^^ - 1068y^x^'^ + 666y^x^^ + 318y^^x^)a 



\ ^' - 6y2x2 + y4)6 

_ 15360(-4932y^2x^ + 7140y^V + U67y^^x'^ + 17y^^)a _ 120(5x^^ - 30^^^^^ + 75y^x^^)P 

{x^ - 6y2a;2 + 1/4)6 2;6y6(a;2 _ ^2)6 

120(-877/6a;^2 ^ 333^82.10 ^ i65yi02,8 ^ 81|/i22,6 _ 45^142^4 ^ i8^i62;2 _ 3^18)^ 

X6l/6(a;2 _ ^2)6 

20487/2 (303x^^ - 1560^2x14 + 8628y^x^'^ - 16392|/6a;^° + 26538y V - 17256y^V)a2 

(a;4 - 6y2a;2 + y4)6 

2048|/2(7380|/i22,4 ^ 2641/1^2 31^16)^2 8(72;i8 _ 39^22,16 ^ 37^42,14 _ 282y^x^^)f3^ 

(x4 - 67/2x2 + 7/4)6 x67/6(x2 - y2)6 

_ 8(155l7/^x^° - 1242y^V + 1281^^22-6 _ 354^142^4 ^ 18^162-2 _ 3^i8)/32 

2;6^6(2;2 - y2)6 

_ 128(3^2" - lUy'^x^^ + 453yS^^ - 2160y^x^^ + 7470y^x^2 _ i9604y^°x^°)Q;/3 

X2y4(a;2 _ y2)4(2;4 _ 6y22;2 + ^4)3 
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+ 
+ 



+ 



128(21866y^V - 17856?/iV + 7551y^^x'^ - 7UyV + 33y'^^)aP 

x'^y^{x^ — y'^Y{x^ — Gy'^x'^ + y^)^ 

8192(x2 + y2)4^^10 _ 3y2^8 ^ 34^4^6 _ 46^6^4 ^ 45^8^2 ^ ^10^^3 

2(a;2 + ^2)4(^2,10 _ 7^2^8 ^ 13^4^6 _ 70^63,4 ^ 29|/Sa;2 - 3|/^°)/?3 

X^y^i^X^ — y'^Y 

512(a;2 + y'^Y{2,x^^ - ISyV + 86t/V - 162?/V + 119|/V - y^^)a^(3 

x^y^ix^ — y'^y{x^ — Gy'^x'^ + y'^y 
32(x2 + y2)4(32;io _ 17^2^8 ^ 79^4^6 _ 186^6^4 ^ 193^8^2 _ 5^10)0,^2 

X4y4(a;2 _ y2)4(^4 _ 5^2^2 + ^4)2 

256(23x^^ + 606y2x^2 - 167yS^° + 512yV - 775y V + 1030y^°x^ - Qx^"^ - ^y^^)aoj'^ 

8(9x^2 _ 32^2^10 ^ 91^4^8 ^ 112^63,6 ^ 367^8^4 ^ i6yi02;2 ^ 13^12)^^2 

x'^y^{x'^ — y2)4 

512(a;2 + ^2)2(9^10 _ 2lhy'^x^ + 354?/V + SOGy^a;^ - 3157/^x2 + I2>y^^)a'^uj'^ 

- 6|/2x2 + 1/4)4 

2(^2 + 7/2)2(^92,10 _ 51^2^8 ^ 142^4^6 _ 2Qy^x^ + 25|/Sa;2 - 3|/i°)/32u;2 

x^y^x'^ - y2)4 



128(a;2 + |/2)2(41a;S - 532/2a;6 - 133|/V - 85yV - 4|/8)a/3a;2 
(?/''' — Ix'^y^ + 7x^7/^ — x^yY 

32(21,r"J-" + r)y2,,.s ^ 76yi,,.6 + (330y<'.r^ - 156y'',r2 + 13y'-")acj^ 

- 6y2x2 + 7/4)2 

2(19x^0 + 10^2^8 + 212yV-171yV + 997/V-97/i°)/3a;4 ^24 426 

T( — \ — V2 ^ + 32a; y 

x'^yx — yyy^^x + yY 

10080(x24 - 87/2x22 + 287/V° - hQy^x^^ + IOSt/^x^^ + 8327/i°x^^ + 22967/^2^12)^ 

x^T/^ (a;2 — 7/2) 

10080(8327/^^0;^° + 1037/i^a;^ - bQy^^x^ + 28y^°x* - Sy^'^x^ + 7/24)^ 

2.8^8 (^2;2 _ y2)8 

768 (5a;32 _ i657/2a;30 + 24907/^^2^ - 163 597/*^,t26 + 749447/^x2^ - 21950l7/^V2) a/3 

— yYy^{x + 7/)^ (a;2 — 2yx — 7/2)"^ (,x2 + 27/,t — 7/2)^ 
256 (a;2 + 7/2)^ (2;i6 _ 31^2^14 ^ 190^43,12 _ ggSyS^io ^ i6667/«a;S - 8657/i°a;H) a/32 

^6y6 (^^,2 _ ^2)6 (^2;4 _ Qy'^x'^ + 7/^)^ 
256(1907/123,4 _ 31^143,2 ^ ^^16)c^;52 g^44 (^2 ^ ^2)2 (^47^16 ^ 4184^^2^14) ^^2 
2;6^6 (^2;2 _ y2)6 (^^4 _ 5y2^2 _|_ ^4)2 j^^2 _ 2^3; _ y2)6 (-^2 _|_ 2yx — 7/2)^ 

6144(178927/^x12 _ 370167/6x1° + AlSlSy^x^ - 370 1 67/iV + 178927/i2x^)aw2 

(x2 — 2yX — 7/2)° (a;2 + 27/X — 7/2)6 

6144(41847/1^x2 + 477/i°)acj2 48 (x2 + y2)2 (15^,16 _ i2iy^x^^ + A58y^x^'^) Pu^ 



+ 
+ 
+ 
+ 
+ 



(x2 - 27/X - 7/2)° (x2 + 27/X - 7/2)° ^^(x - 7/)°7/°(x + 7/)^ 
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+ 
+ 



^ 768(584486y^^x^° - 1582599y^^x^^ + 2641078y^^x^^ - 1582599y^^x^^)af3 

x^{x — yYy^{x + yY {x"^ — 2|/a; — y'^Y (^^ + '^V^ ~ v'^Y 
768 (2490x^^28 _ i6359a;6^26 ^ 74944^8^^24 _ 219501,t10?/22 ^ 584486x^2^20-) 

x^{x — y)^y^{x + (x^ — 2ya; — y^)^ (x^ + 27/x — y'^)'^ 
768(51/32 _ i65x2|/30)^^ 

a;^(a; — y)^y^{x + y)^ {x'^ — 2yx — y^)^ + 2yx — y"^) 

65536 + 1/2)4 (^8 _ 7g^2^6 ^ I661/V _ 7g^6^2 ^ ^8) ^3 

24576 (61x^6 + 1608^2x14 + im2y^x^'^ - 27A{}{)y^x^^ + 44334y V - 27AQQy^^x^) 

[x^ — 6?/2,x2 + y^)^ 

24576 (11372yi2a;4 ^ iQ^^y^^x"^ + Qly^^)a^ 12 (87a;24 - 676?/2,t22 + 22AQy^x'^^) (3^ 



+ 



+ 



(x'' — 6y2,x2 + x^y^ (a;2 — y'^) 

12{-6932y^x^^ + 24281|/^a;i6 + 3730Ay^^x^^ + 2A3732y^^x^^ + 3730Ay^'^x^°)p^ 



^ 12(+24281t/^V - 69 32y^^a;^ + 22A6y^^x'^ - 676y^^x'^ + 87y^^)p^ 



+ 



+ 



16 (x2 + 1/2)^ (a;i6 _ Ii|/2^i4 ^ 70^4^12 _ 245^^3;^° + 626y^x^ - 245y^°x^ + 70y^2^4) ^3 

2;8^8 ^x'^ _ y2^ 

16(-lli/iS2 ^ ^16)^3 ^ ;^2288 (a;2 + y'^f {7x^ - h2y'^x^ + 202?/V - 52yV + 7|/8) 

xSyS (^x"^ _ ^2)8 rf.2y2 _ ^2)2 ^^4 _ g^22;2 _|_ ^4)4 



65536 (x2 + y2)8a4 16384 (x2 + 1/2)8 ^3/3 



(x^ — 6y2a;2 + 1/4)'^ a;2|/2 (a;2 — 1/2)2 (x"^ — 6|/2a;2 + 1/4)"^ 
_ 48(-999y6xi° + 5134y V - 999y^^x^ + 458yi2^4 _ i2iyi4^2 ^ 15^16)^^2 

x^{x -yyy^{x + yf 

^ 1536 (^2 + y2)8 q;2/32 ^ 147456x2(x - y)2y2(2; + y)2Q;a;4 

X^y^ (^2 — y2)4 (^2;4 _ Qy2x^ -\- y4)2 ^^2 _ 2yx — y2)2 ^^2 _|_ 2yx — y2)2 

64 (j;2 + y2)8 ^,^3 5^2 {x'^ + y^f {39x^ + 92y^x^ + 362y V + 92y^x'^ + 39y«) a^u^ 



+ 



+ 



x^y^ (j:2 — y2)^ x2y2 (^x^ — 7y'^x^ + 7y^x'^ — y^)^ 

(x2 + y2)8 (^4 _ g^2^2 ^ ^4)2 ^4 (^2 ^ ^2)2 ^3^16 _ 23^2^14 ^ 54^4^12) ^2^2 

x^y^x^-y^f x%x - y)^y%x + y)^ 

16(-llj/'lr^-" + 782j/^-' - llj/^".r'^ + 51j/^-2,.i _ 23jy".r2 + 3y''')3^uP 

x^{x - y)^y^{x + yy 
4096 (^2 + y2)2 (^16 ^ 568y2^i4 ^ 124^4^12 ^ 3592^6^10 _ 3314^8^8) ^,2^2 

(x2 — 2|/x — y2) (^2 + 2ya; — y2) 
4096(a;2 + y2)2(3592yi02;6 ^ 124^12^4 ^ 568^143,2 ^ ^16)0,2^2 

(^2 — 2|/a; — 1/2)^ (a;2 + 2|/a; — |/2)^ 
432 {x^ - 2y2x6 + Igy^x^ - 2y^x^ + y«) pu^ 2304 (x2 + y2)6 ^,^2^2 



x^{x - yfy^ix + yf x^y^ (x^ - 7y^x^ + 7y%2 - y^y 
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^ 3072 + y'^f (Sx^ - 58y V + 158y V - 58y V + 3?/«) a^/Ja;^ 
32768 {x^ + y^)^ (3x^ - 52y^x^ + 146y^x^ - 52^6^^ + 3y^) a^a;^ 
4 (x^ + y'^f (3x^ - 34y^x6 + llOy V - 34y V + 3y^) /^'^a;^ 
8192x2y2 (^2 _ ^2)2 ^^g^8 _ 284y V + 1198y V - 2My^x'^ + 45y«) a^u;^ 
38 (x^^ + 2y^x^^ - 18yS^^ + 198y^x^° - llOy^x^ + 198y^V - 18y^^x^ + 2y^V + y^^) 
_ 4 (x^ + y2)2 (3x« - 34y2a;'^ + llOy V - 34y V + 3y«) 

^2^2 ^^2 _ ^2^ 

^ 512 (3x^6 - 42y2x^^ + 686y^a;i2 _ 2702y''a;io + 4878y^,T^ - 2702y^0a;6 + Q9>Qy^'^x^) a(3uj^ 



+ 
+ 



^2y2 (^jr;6 _ 7y22;4 _|_ 'Jy4:jr;2 _ y^^ 



^ 512(-42yiV + 3yi^)a/5cj2 



2 



x^y^ (x^ — 7y%^ + Ty'^x'^ — y^) 

128 + y2)2 (3x8 - 52y V + 146y V - 52y V + 3y^) Q;a;6 ^ 100^2^.2, .6 

(Bl) 



+ ^ • ^ ' y 1 \ 1 — _ 2 ^ + 128x^y^u;° . 

(x^ — 6y^x^ + y^) 
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The algebraic form — ^o^(3^8 — Cs)^o after the change of variables t — r'^ and u — 
sin^ 4(/7 is 

ys = 256(i^ - u)d^ - 49152(i^ - u)t'^u d^dl - 262144(i^ - u)tu^ d^d^ 
+ 131072(19^^ - 23t'^u + 4u^)u^dfdt + 25165824(i^ - u)t\^ dfdl 

- 4194304(3t* - m\ + 2Su^)t^u^ d^d^ - 67108864(t^ - St^-u + 4:U^)tu* dtdl 
+ 16777216(t^ - Auf{t^ - u)u' ^ 

- 1024 - 2(2a + l)f - uu]dj - 24576 [(26 + -2{a + b+ l)u]t^dfd^ 
+ 49152 [3cut^ - 4(3a + 2b + 6)i^ - 3cutu + 2(4a + 46 + ll)u]tud^dl 

+ 131072 [19(26 + 3)t^ + hujt\ - (58a + 466 + 111)^^1* - hutu^ + (8a + 86 + 29)1^^] ud^dl 

- 262144 [I9a;i^ - 2(38a + 1206 + 357)^^ - 2'iujt% + 4(64a + 606 + 2Ql)t^u + Auju^] u^dfd^ 

- 6291456 [3(26 + 5)t^ + Gcut^u - 2(15a + 316 + 122)t^M - Gcutu^ + 2(28a + 286 + 121)^2] fu 

- 4194304 [ - 3^;^*^ + 4(3a + 146 + 55)^^ + Slut^u - 2 (84a + 1406 + 681)^^1* 

- 2S(jjtu'^ + 56(4a + 46 + 21)u^] tu^dtdl 

+ 33554432 [(26 + 7)^^^ + ufu - 3(2a + 66 + 29)t®M - bujt^u^ + (32a + 486 + 27?>)fu^ 
+ Aujtu^ - 4(8a + 86 + AQ)u^] u^dl 

+ 512[3a;¥ - 14(2a + l)ujt^ + 6(2a + l)(4a + 46 + 3)i^ - ?^'^u]dl 

+ 8192 [9(26 + l)ujt^ - 4(26 + l)(9a + 26 + 12)t^ - 18(a + 6 + l)ujtu + 4(8a2 + (126 + 19)a 
+ 46^ + 236 + lb)u] tdldu + 8192 [76(26 + 1) (26 + 3)^^ - 180;^^^'^ + 60(3a + 26 + 6)0;^^-^ 

- (448a^ + 4(3486 + 635)a + 3(1286^ + 5766 + 631))^^-^ + ISJ^fu^ - 30(4a + 46 + ll)ujtu^ 
+ (112a2 + 8(246 + 61)a + 806^ + 5206 + 723)m^] (9(^9^ 

- 131072 [38(26 + 2>)ujt^ - 4(26 + 3) (38a + 486 + 177)^^ + 2^H^u - 2(58a + 466 + 111)^;^^^ 
+ 8(52a^ + 2(646 + 163)a + 486^ + 2946 + 387)^=^-^ - ^ujHv? + 2(8a + 86 + 2%)uju'^] ud^d^ 

- 131072 [72(46^ + 166 + 15)t* - 27ujH^u + 6(38a + 1206 + 357)u;t^u - A{\2Ac? 

+ 25(366 + 101)a + 8006^ + 55906 + 9156)^^^ + 21ujH^u^ - 12(64a + 606 + 2^\)ujtu^ 

+ 2(1456a^ + 32(1056 + 358)a + 14566^ + 113846 + 2'^>^l?,)u^Yudl^^ 

+ 2097152 [9(26 + 5)cut^ - 36(26 + 5)(a + 26 + 9)t^ + 'duH^u - 6(15a + 316 + 122)0;^^^ 

- 2(304a2 + 8(846 + 361)a + 3046^ + 28886 + 6609)^^] tu^dtdl 
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+ 2097152 [12(26 + 7) (26 + 5)t^^ + 4(3a + 146 + 55)ujt\ - (32a^ + 4(846 + 313)a + 4486^ 
+ 39206 + 8313uj)uf + 12cuH%'^ - 2(84a + 1406 + 681)ujt^u^ + {A96a^ + 8(2246 + 1051)a 
+ 12326^ + 127126 + 32223)uY - UuH'^u^ + 56(4a + 46 + 21)ujtu^ 

- 4(208a^ + 8(566 + 289)a + 2086^ + 23126 + 6321)^=^] u^d^ 

+ 1024 [ - cuH"^ + 9(2a + l)cu¥ - 9(2a + l)(4a + 46 + 3)0;^^ + 4(2a + l)(8a2 + 2(86 + 5)a 
+ 86^ + 106 + 3)t + u^] dl 

+ 4096 [ - 18(26 + 1)ujH^ + 20(26 + l)(9a + 2(6 + Q>))ujt^ - (26 + l)(448a^ + 4(1166 + 287)a 
+ 166^ + 3206 + 609)t^ + 36(a + 6 + 1)cu¥m - 20(8a^ + (126 + 19)a + 46^ + 236 + lh)ujtu 
+ 2(48a^ + 16(76 + llja^ + (806^ + 3126 + 247)a + 166^ + 1366^ + 3196 + 159)k] d^dy, 

- 16384 [76(26 + 1)(26 + 3)ujt^ - 8(38a + 246 + 117) (26 + 1)(26 + 3)^^ - 3ujH^u 
+ 18(4a + 26 + 7)ujH^u - {AASa^ + 4(3486 + 635)a + 3(1286^ + 5766 + 631))cut^M 

+ 2(416a^ + 16(1566 + 251)0^ + 2(12326^ + 50566 + 4813)a + 3846^ + 35686^ + 78566 + 5037)i^w 
+ ?>ujH'^u'^ - 36(a + 6 + 3)a;W + (1120^ + 8(246 + 61)a + 806^ + 5206 + 723)0;-^^] d^dl 

- 65536 [24(26 + 5) (26 + 3) (26 + l)t^^ - 54(26 + ?>)ujH^u + 12(26 + 3) (38a + 486 + 177)a;t^M 

- 8(26 + 3)(124a2 + 5(726 + 235)a + 4(456^ + 3466 + 629))^^^ + uH^u^ 

+ 9(16a + 126 + 27)u;H%^ - 24(520^ + 2(646 + 163)a + 486^ + 2946 + 387)a;iV 

+ 4(6720^ + 8(3646 + 901)a^ + 4(7286^ + 41606 + 5701)a + 6726^ + 71366^ + 223786 + 21351)tV 

+ 262144[36(26 + 5) (26 + 3)a;t^° - 16(9a + 106 + 53) (26 + 5) (26 + 3)t^ - Au;H\ 

+ 9(6a + 206 + 59)cuVm - 2(1240^ + 25(366 + 101)a + 8006^ + 55906 + 9156)cc;t^M 

+ 4(96a^ + 4(2806 + 757)0^ + (21766^ + 145246 + 22919)a + 9606^ + 111526^ + 410486 + 47997)^^1* 

+ 2u;¥w^ - 18(10a + 106 + 33)ujH^u^ + (1456a^ + 32(1056 + 358)a + 14566^ + 113846 + 20673)ujt\'^ 

- 2[1600a^ + 16(3806 + 1271)a^ + (60806^ + 449606 + 81732)a 
+ 16006^ + 203366^ + 816846 + 104727]^^^ + 2u;\^]udtd^ 

+ 1048576 [8(26 + 3) (26 + 5) (26 + 7)t^'^ + 36(26 + 5)(a + 26 + 9)uujt^ - 3(26 + 5) 
(320^ + 4(366 + 145)a + 1126^ + 10406 + 2349)t^n - SuH'^u^ + 9(4a + 86 + 33)ujH^u'^ 

- 2{\\2a^ + 2(2526 + 961)a + 3766^ + 32906 + 6939)u;tV + 2(2080^ + 496(36 + 11)0^ 
+ (24166^ + 201206 + 40965)a + 3(3366^ + 46486^ + 209396 + 30720)]iV + 3uH^u^ 
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- 9(8a + 8b + 35)ujH'^u^ + 2(304a^ + 8(846 + 361)a + 3046^ + 28886 + 6609)ujtu^ 

- 2[704a2 + 16(1566 + 655)0^ + 12(2086^ + 18806 + 4241)a 
+ 7046^ + 104806^ + 508926 + 80847] -u^] dl 

+ [256a;¥ - 256uj\ - 5120(2a + 1)ujH^ + 128(664a^ + 64a(96 + 11) - 6^ + 2896 + 227)uH'^ 

- 10240(2a + l)(8a2 + 2a(86 + 5) + 86^ + 106 + 3)ujt + 1024(2a + l)(32a3 + 480^(26 + 1) 
+ 2a(486^ + 486 + 11) + 326^ + 486^ + 226 + 3)] df 

- 2048 [ - 12(26 + 1)ojH^ + 24(26 + l)(12a + 26 + 15)a;V - 4(26 + l)(448a^ + 4a(1166 + 287) 
+ 166^ + 3206 + 609)cjt4 + 8(2a + 1)(26 + l)(208a^ + 16a(266 + 41) + 2086^ + 6566 + 501)^^ 
+ 24(a + 6 + l)^;^^^^ - (2800^ + 8(366 + 55)a + 956^ + 6256 + 407)^;^^^ 

+ 8(48a^ + 16a^(76 + 11) + 0(806^ + 3126 + 247) + 166^ + 1366^ + 3196 + 159)u;u\ dfd^ 

+ 4096 [216(26 + 1)(26 + 3)cj¥ - 48(38a + 246 + 117)(26 + 1)(26 + 3)ujf + 32(26 + 1)(26 + 3) 

(1240^ + 5a(366 + 145) + 566^ + 4786 + 1026)^^ + 12(6a - 26 + 3)u;H\ - (10640^ + 8a(4326 + 785) 

+ 8656^ + 36716 + 3931)a;V'w + 12(416a=^ + 160^(1566 + 251) + 2a(12326^ + 50566 + 4813) 

+ 3846^ + 35686^ + 78566 + 5037)cut^M - 4(1792a^ + 32a-'^(5046 + 761) + 160^(17926^ + 68366 + 6163) 

+ 2a(806462 + 545446^ + 1138886 + 75225) + 17926^ + 240646^ + 957766^ + 1423206 

+ 70173)^2-?/ + 12(2a + 26 + l)a; W + 2(880^ + 20a - 6^ + 1096 + 25A)M] d^dl 

- 32768 [ - 48(26 + 5) (26 + 3) (26 + l)o;t^° + 64(3a + 26 + 13) (26 + 5) (26 + 3) (26 + l)t^ 
+ 32(26 + 3)0;^^^^ - 72(26 + 3) (6a + 86 + 29)u;H'^u + 16(26 + 3)[124a2 + 5(726 + 235)a 
+ 4(456^ + 3466 + 629)]u;t^u - 2(46086^ + 615686^ + 2880646^ + 5571846 + u;% 

+ 1536a^(26 + 3) + 640^(2246^ + 10106 + 1011) + 16a(9926^ + 84806^ + 221866 + 17547) 
+ 372096)^^-^ - 2(28a + 166 + 21)u;^iV + [10640^ + 8(3606 + 911)a + 11536^ + 69116 
+ 8953]u;H\^ - 8(672a^ + 8(3646 + 901)a^ + 4(7286^ + 41606 + 5701)a + 6726^ + 71366^ 
+ 223786 + 21351)cjtV + 2[4096r/ + 256a''^(1006 + 239) + 2560^(1686^ + 9136 + 1227) 
+ 32a(80063 + 73046^ + 216826 + 20973) + 40966^ + uu"^ + 611846^ + 3137286^ + 6692646 
+ 506232]tii^ - 2(16a + 166 + 49)a; V] dtdl 

+ 32768 [32(166^ + 1286^ + 3446^ + 3526 + 105)t^^ + 64(9a + 106 + 53) (46^ + 166 + 15)ujt^u 
+ 8ujH\'^ - 8(9606^ + 134406^ + 657846^ + 1311366 + 1920^(46^ + 166 + 15) + 240(806^ 
+ 6766^ + 17246 + 1335) + 89190)i^ii - 8(8a + 306 + 87)u;H^u^ + [472a^ + 80(366 + 103)a 
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+ 24956^ + 183856 + 31043]cx;¥'w^ - 16[96a^ + 4a^(2806 + 757) + a(21766^ + 145246 + 22919) 
+ 9606^ + 111526^ + 410486 + 47997]a;t^M2 _ iQ^^^t^^ + 2(1024a^ + 1280^(1306 + 339) 
+ 16a^(32166^ + 203446 + 30887) + 8a (62406^ + 675686^ + 2366026 + 266769) + 140806^ 
+ 2272006^ + 13329286^ + 33631926 + 3077145)tV + 16(13a + 156 + i8)uH^u^ 

- 48(52a2 + (1206 + 413)a + 526^ + 4136 + 756)ujH\^ + 8a2(1600a3 + 16(3806 + 1271) 
+ a(60806^ + 449606 + 81732) + 16006^ + 203366^ + 816846 + 104727)^;^^^ + 2u;V 

- 2(10496a^ + 256a^(2206 + 713) + 32a^(28646^ + 202166 + 35941) + 16a[35206=^ + 404326^ 
+ 1545886+ 196185] + 104966^ + 1825286^ + 11501126^ + 31388646 + 3 138489)^^] (9^ 

+ [I024(2a + l)u;H^ - 256(1840^ + 8a(126 + 13) - 6^ + 496 + 47)u;¥ + 512(3680^ 
+ 560^(106 + 7) + 2a(9562 + 2016 + 99) - 26^ + 976^ + 1436 + 4:7)ujH - 2048(2a + 1) 
(32a^ + 480^(26 + 1) + 0(966^ + 966 + 22) + 326^ + 486^ + 226 + 3)Lo]df 

- 1024 [ - 8(18a - 26 + 15) (26 + l)u;H^ + 2(26 + 1) [10640^ + 8a(1446 + 353) + 6^ + 6476 
+ 1339]a;¥ - 24(2a + 1)(26 + l)(208a^ + 16a(266 + 41) + 2086^ + 6566 + 501)cc;t=^ 

+ 8(2a + 1)(26 + l)[896a^ + 160^(1686 + 229) + 160(1686^ + 4586 + 291) + 8966^ + 36646^ 
+ 46566 + 1809]^^ + (2000^ - 8a(126 + 25) - 7(56^ - 56 - 3))^;^^^ - (704a^ + 80^(886 + 105) 

- 80(6^ - 216 - 7) - 86=^ + 2856^ + 13236 + 661)u;'^u\d^d^ 

+ 4096 [ - 64(26 + 1)(26 + 3)cu¥ + 144(6a + 46 + 19) (26 + 1)(26 + 3)cjV - 32(46^ + 86 + 3) 
(124a2 + 5a(366 + 145) + 566^ + 4786 + 1026)u;f + 4(26 + 3) [10246^ + 125446^ + 520966^ 
+ 815046 + 3uj\ + 1536a^(26 + 1) + 64a^(1126^ + 4506 + 197) + 16a(3206^ + 24886^ 
+ 54026 + 2119) + 29232]/' + (168a^ + 48a(146 + 25) + 976^ + 2156 + U5)ujH^u 

- 4(488a3 + 8a2(3996 + 640) + a(34576^ + 140876 + 13335) + 5796^ + 51866^ + 111586 

+ 6992)u;Vii + 4(1792a^ + 32a^(5046 + 761) + 16a^(17926^ + 68366 + 6163) + 2a(80646^ 
+ 545446^ + 1138886 + 75225) + 17926'^ + 240646^ + 957766^ + 1423206 + 70173)Mcjt^ 

- 8M(1024a^ + 768(166 + 23)a^ + 128(2486^ + 8866 + 765)0^ + 128(2486^ + 14966^ + 29456 

+ 1891)a^ + (122886^ + 1134086^ + 3767686^ + 5324166 + 3u;% + 271632)a + 10246^ + 176646^ 
+ Sbu^u + 6cj^M + 977286^ + 2405606^ + 2682726 + 109332)t + 2(240^ + 12(166 + 39)a + 816^ 
+ 4116 + 469)a;V]ata^ 
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- 16384 [ - 64(3a + 2b+ 13) (86^ + 366^ + 466 + 15)0;^^^ + 16(26 + 3) (646^ + 8966^ + 41966^ 
+ 68926 - cu^-u + 32a=^(462 + 126 + 5) + 4a(486^ + 3886^ + 7926 + 305) + 2505)t^ 

+ 32(26 + 3) (4a + 66 + 21)0;^^^-^ - 2(26 + 3)(472a2 + 16a(726 + 245) + 5756^ + 47056 
+ 88A3)u;H'^u + 32(26 + 3)[96a^ + 4a^(1126 + 337) + a(4966^ + 34966 + 5849) + 4(366=^ 
+ 4276^ + 16106 + 1938)]a;t^M - 2m[61446^ + 1049606^ + 6869126^ + 21433286^ - 4(5a;^M 

- 793449)6 - 39^;^-^ + 2048a^(26 + 3) + 1024a^(266^ + 1116 + 108) + 32a^(14726^ + 116486^ 

+ 288146 + 21981) + 4a(76806^ + 925446^ + 4015046^ + 7339846 - 3uj% + 471048) + 1771830]^^ 

- (232a2 + 8(1046 + 259)a + 3856^ + 22076 + 2761)a;3tV + 3(768a-'^ + 80^(4166 + 1029) 
+ 32a(10462 + 6026 + 831) + 7686^ + 83216^ + 263356 + 252U)u;H'^u^ - 16(512a^ 

+ 32a^(1006 + 239) + 320^(1686^ + 9136 + 1227) + 4a(8006^ + 73046^ + 216826 + 20973) 
+ 5126^ + 76486''^ + 392166^ + 836586 + 63279)cjtM2 + 2[5120a^ + 1024a^(416 + 94) 
+ 128a^(78462 + 40406 + 5255) + 640^(15686^ + 131526^ + 372026 + 35213) + 4a(104966^ 
+ 1292806=^ + 5952326^ + 12092326 - u'^u + 911949) + 51206^ + 962566^ - lluj'^u + 6726406=^ 
+ 22534406^ - 4b{uj% - 911745) + 2284416]?^^] 9^ 

+ [I28(88a2 - 16a - 6^ + 6 + ll)u;V - 2560^(4640^ + 8(506 + 7) - 20(356^ + 1176 + 23) 

- 66=^ - 296^ + 296 + 21)tu;^ + 256(704a^ + 16a^(886 + 25) + 80^(876^ + 356 + 10) 

- 2a(86^ + 596^ - 436 - 25) - 86^ + 26^ + 936^ + 676 + n)uj^]d^ 

- 1024 [ - 8(26 + 1)(26 + 3)u;H^ - 2(26 + l)(168a2 + 16(146 + 33)a - 316^ + 76 + 121)u;H'^ 

+ 8(26 + l)(488a^ + 8(1336 + 241)a^ + (5776^ + 23916 + 2271)a + 6^ + 2896^ + 8876 + 653)u;Y 

- 8(2a + 1)(26 + l)(896a^ + 160^(1686 + 229) + 160(1686^ + 4586 + 291) + 8966^ + 36646^ 

+ 46566 + 1809)^;^^ ^ [i6384a^(26 + 1) + 40960^(326^ + 586 + 21) + 2048a^(966^ + 3086^ + 2926 
+ 81) + 8a^(163846^ + 788486^ + 1280006^ + 829446 - Snw"^ + 18304) + 8a(40966^ + 296966^ 
+ 747526^ + 829446^ + 4(3cj^m + 10304)6 + 21u% + 7488) + 163846^ + 860166^ + 73uj% 
+ 1658886^ + liy^iSu^u + 13312) + 36(37u;^'u + 19968) + 9216]^ + [320a^ - 80^(246 + 71) 

- 24a(276^ + 976 + 80) - 1366=^ - 8036^ - 12296 - 611]a;=^'w] dtdu 

+ 256 [256(26 + 1)(26 + 3)luH^ - 256(8a + 66 + 27) (26 + 1)(26 + 3)cjV + 32(26 + 1)(26 + 3) 
(472a2 + 16(366 + 155)a + 1916^ + 16816 + 3683)u;¥ - 512(26 + 1)(26 + 3)(96a^ + 40^(566 + 197) 
+ (1606^ + 11646 + 2119) + 326^ + 3766^ + 14406 + 1827)a;i^ + [655366^ + 10813446^ + 69058566^ 

30 



+ 218869766^ + (35698944 - UA3uj%)b'^ + (27362304 - Al25uj\)b - 3184cj^m 

+ 65536a^(26 + 1)(26 + 81920^(10463 + 5246^ + 7106 + 237) + 160^(614406^ + 5058566=^ 

+ 14179846^ + 14991366 - 19cj^u + 454464) + 16a(286726^ + 3379206^ + 14983686^ 

+ 30337286^ - A8{3uj\ - 55636)6 - 197cu^u + 743904) + 7093440]t^ + 32(720^ + 24(296 + 46)0^ 

+ (9936^ + 39756 + 3709)a + 1956^ + 16186^ + 33026 + 1955)ujH\ - 24(1024a^ + 96(966 

+ 143)a3 + 8(20486^ + 78046 + 7051)0^ + 4(23046^ + 158736^ + 334716 + 22213)a + 10246^ 

+ 140926^ + 567076^ + 844296 + 41523)c<;¥m + 256(256a^ + 192(166 + 23)a^ + 32(2486^ 

+ 8866 + 765)a3 + 32(2486^ + 14966^ + 29456 + 1891)0^ + 4(7686^ + 70886^ + 235486^ 

+ 332766 + 16977)a + 2566^ + 44166^ + 244326^ + 601406^ + 670686 + 27333)cjtu 

+ (-65536a^ - 32768(306 + 41)a^ - 24576(1366^ + 4526 + 373)a^ - 2048(23686^ + 129926^ 

+ 240366 + 14839)0^ - 16(2088966^ + 16629766^ + 50073606^ + 66928646 - A7uj\ 

+ 3328016)0^ - 16(614406^ + 6942726^ + 30766086^ + 66924806^ + (7104112 - 48u;^m)6 

- Gluj^u + 2932896)a - 655366^ - 13434886^ - 91668486^ + 411b^uj% + 13176tu^M + 1544tu^M 

- 303841286^ - 532083206^ - 468514566 - 16147584)m]9^ 

+ [256(112a3 + 8(66 - 7)a^ - 2(336^ + 876 + 29)a - 26^ - 316^ - 176 - 1)ujH 

- 256(4a + 46 + l)(112a3 + 8(66 - 7)0^ - 2(336^ + 876 + 29)a - 26^ - 316^ - 176 - 1)^^] 
+ [ - 128(26 + l)(304a2 + 16(486 + 53)a + 1636^ + 4136 + 496)u;V 

+ 256(496a3 + 160^(476 + 27) + 0(4116^ + 1816 - 56) + 1556^ + 3186^ + 3996 + 246)cj^m 
+ 4096(26 + l)(72a3 + 80^(296 + 51) + 0(1616^ + 6636 + 613) + 6^ + 816^ + 2316 + 152)wV 

- 3072(26 + l)(1024a^ + 960^(326 + 47) + 80^(3846^ + 12366 + 943) + 40(2566^ + 14736^ 
+ 24956 + 1237) + 5166^ + 21756^ + 27376 + 1047)cj¥ + 262144(2a + 1)(26 + l)[16a^ 

+ 40^(166 + 19) + 40^(246^ + 576 + 31) + 0(646^ + 2286^ + 2486 + 81) + (46 + 3)(26 + 3)(26 + 1) 
(6 + 2)]ujt - 256[32768a^(26 + 1) + 16384a^(106 + 11)(26 + 1) + 40960^(1606^ + 4406^ 
+ 3666 + 93) + 10240^(646^ + 25606^ + 35126^ + 19546 + 379) + 1280^(26 + 1)(12806^ + 64006^ 
+ 108486^ + 72326 + 1577) + 128a(26 + 1)(2566^ + 19206^ + 48966^ + 53686^ + 25096 + 399) 
+ 32(26 + 1)2(46 + 1)(46 + 3)(1662 + 566 + 5l)]]du , 

where Cg is the lowest eigenvalue of yg (see (IMl)). 
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